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ABSTRACT 


Ane 7065, esanele Snachine Ssequemeine al gorl thmeusece. 
veloped which decreases the sum of the completion times 
subject to a minimum number of late jobs. A primal ap- 
euoach 1S employed in which successively better solutions 
memo tCAINCd Wit le emaimtaimume feasibility. Optimality, 
foale not Claimed, may be achieved in some problems. 
Possible industrial and military applications are dis- 


cussed. 
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La INTRODUCTION 


Ae NATURE OF THE PROBLEM 
The problemeconstdered an this) thesis 1S one Poloncimg 
“gma generaivellass of problems amewhiehmeasfinite ser ot 
mebs must be sequenced through a single facility, mini- 
Mieimessome Lunction of lateness. Specifically, the pxrob- 
Mem 1s to sequence n j0bs, JyyseesJ,, with known processing 
Limes , Pyo+++>P,> and due-dates, d,,.-.,d,, through a sin- 
eee production facility in such a way as to decrease the 
fmeot the completion times, € = a Ce, 


ienimum number of late jobs, U*. This criterion provides 


SUDieCE muon 


for more efficient scheduling by decreasing the average 
meapiete Cr service tame of 2 unit while maintaining a mina- 
mum number of late jobs. This problem has not been treated 
immmene literature to date. 

jie precessime times, which aresdekined -tommmes ude 
Set-up and tear-down times, are independent of the sequence. 
iceeproblem@as static in that job arrivals subsequent to 
the nth (Gbeareenot CcOnsiadecredrand Preemption 1S NOE pen - 
imeced. It is assumed the jobs are processed continuously 
Mimett ail are completed with no lot-splitting permitted. 

PHO Lenertonmulation Orledmated tuem rescanen Into mes 5 
Pec scqueneine procedures utilized by shipboard communica- 
mons Celters., While this paper does not attempt towsoive 
the general dynamic problem with its many priority re- 


SUrdimes, ene atgorithm developed herein tsmappl reac alo 








messages of a single priority class processed under static 


Condit iOnsie 


The algeorithmehasveciven the op@iumal solutions imepa 


examples considered for n < 10 and is computationally 


measible for small n yielding a solution manually inva 


few minutes. 


For large n it could easily be programmed 


mor Computer Solution. 


B. NOTATION AND DEFINITIONS OF TERMS 


The following notation and definitions are employed: 


The yth Sue m@eme ag Os S_= (J,,---5,5,) S= (A.R) 
Gemmole wien esis eae oie © C.= 


Sule EeCoOnple lon tames 
Pores cmucile: 2h veu«k 


PRocecsemmeretire Of JCD 2 


DUG = ate mom yO 1 


laveness GFayeDp 1 L.= c.-d. 
Mardine Ss Os OD Was max (0,1; ) 
Pat limes Swot eo om E.= max (0,-L;) 
Waiseiie st ime of job rE W.= eo 

before processing begins i k#1 Pk 


SACK eIMe mot agiOp el i Vrs Keen ore 
1 ahenag a 


Smallest numerical dif- |. a= min (P.1-P;) 

ference between processihg ian a 

times of any two jobs 17i' 

Sequence Of |) ODS LOrming a SUDSEt OL o. whose <com- 

pletion times are all early A= (Jy 5--+555 405d; > 
Jigqerse ody) 


sequence of jobs LOTMINs a4 SsupSet Of SeeuNoese com 


pletion times are all late R= Depot oedes joes 
J N\ 


jee ID 








J; = SAN aba) tiene ae aia ye © Di c. < d; 
J, = ANS a Gb bird yy lao ms Ob 07 - > a 
Us - Number of late jobs in sequence Sy, 








II. BACKGROUND 


Ans PREVIOUS KNOWN RESULTS 

Research previously reported in this area 1s comtained 
imeflije-{8]). Whéensboth preeessine timeseand due-dages are 
deterministic and known, the following results related to 
@mas problem have been proved: 

iene s onhorcest el rOccsS toe Lime male oene) 

The average completion time C = (1/n)tc,, and the 
average lateness L = (1/n)=L., are minimized by scheduling 
fois in order of increaSing processing time. j|7], [1, 
Theorem 3-2]. 

2. The Due Date Rule (DDATE) 

Maximum job lateness and maximum job tardiness are 
minimized by scheduling the jobs in order of increasing due 
oreees [(35|, [1, Theorem 3-3]. 


Se Lice uimamnZo OU Or COMMmctLON: Dimes oul emme 
Number wate vous Aloorl thm 


WS eileen ice Wal lll jes iee bes eeye: fire) eis Sila! wl Sa Ih 
meet thm {7], [1, Theorem 3-5] in this paper. If there exists 
a sequence such that maximum job tardiness is zero, then 
imfiemer is an ordering of the jobs with job K in»the last po- 
Sition which minimizes mean completion time (subject ue Gone 


daeron that maximum tardiness remain zero), if and only 2¢£: 
nn. 
hs ee a Be 
1=1 


n 
love P, 2 P; Vi with d. > Zy Py 











4. The Minimum Number of Late Jobs Algorithm 
This aleorithnwilitebe referred to as Hemacomss 
algorithm in this paper. J.M. Moore [6] has developed an 
meoorithm for sequencing magjeos through a single facie, 
pomemindmize thesmumber of latesjebs. A similar computa- 
Eiemally faster algorithm has been developed by T. J. 


Hodgson [6], and proved in [8]. 


Be SMITH'S ALGORITHM 

Siew Sele Ort eit omnprOceduner While SCOUCIT ec saint 
Emleorder subject to the condition of no late jobs. It 
fame be employed frequently in the algorithm of this paper. 
The schedule is developed recursively, by selecting a job 
iemeeih. then n-1l, etc. The job with the greatest processing 
time from the set of jobs with due dates not less than the 
completion time of the nth job is selected for the nth ea) 
Meewon. Once this position iS filled. che comple elon miamec 


of job n-1l is known: 


igual 
“n-1 ~ y Px 
k=1 


ieee the remaining jobs, the job with the Wargest (process te 


time from the set of jobs with due dates not less than Ci] 


meoclecered for position m-ll, Consider the following example, 
Smered according to DDATE Rule to insure no late jobs. 


Jiu ae eee Se 


Dy 2 SSeS Ge d5.5 ie 
Peek 2) 920) 22 

& 29 7 Si ee eee 5S 
1 1 


J 








The sumeot the processing times 15 19 eons ec Jy 


hava| Je have due dates not less than 19. Jy 1s chosen for 


position 5 since Py > Pc; Sub t mae imo P4=9 from 19 results 


in Me sees ieialiliait J) only Je Nas a due datem@wonles- 


eile aN 
than 14 and therefore it is chosen for position 4. Con- 
tinuing in similar manner J, Iswemosen {Or Posi tioneomas 


P> > Pz 7 9=C,_,, Jz for position 2 and J, for position 1. 


ite final sequence is: 


il 
i 4 12 10 ZO 20 
Cc. Z 5 10 14 19 MiGs = Si) 


on HODGSON'S ALGORITHM 

The version of this algorithm by Hodgson is employed 
in this paper to find the minimum number of late jobs and 
Mmomerovide an initial feasible solution to start the algo- 
rithm improvement procedure. Steps in Hodgson's algorithm 
[6] are: 

peewee Olden the Jobs saccording to ther, duc “dates 
dy ON ds; andweali the nesiltmic ordewine the (curremle 
Sequence , Jjo-+-od,- 

DucPetvOlUsiimc. thescurrent sequence, find the first 
late job Jae amd CO tO otepeinree. If no such job is tound, 
the algorithm terminates with an optimal schedule obtained 
by placing those jobs that have been rejected after the Toe 


mMimcne Current Sequence in any order. 








Step Three: Find them@moowin the subpsequcimece dy goe soda: 
of the current sequence having the largest processing time 
and rejectgat frommethe current sequence. | Retumiacem occ omer 
Hsiang the reswilting sequence as.) tue lcurrentescqucmecs 


Anpexanp le ot sehiiss precedinc solos : 


Sep) Oc em O idle ds | varciiciad aac sm 


Jy J, Jz Jy Je Je 

2 1 5 7 6 5 
1 

7 Z 4 5 14 iS Lies 

Cc; 2 5 8 i ies 21 24 


eC Ol VOomN INGikhst slatemy ol, wilt 1S J (cz > d.). 
Go to Step Three. 

Step tree. ihe jop with the greatest wieces sn jy ommumic 
in the subsequence (J, 555,52) is Jz with Pz=5. Therefore, 
ihemect it and retillirn to Step Two with the new current se- 


quence. 


SGcpml Woe le sSeGnedule sis now: 


CIEE SSe mene Rejected Jobs 
J, J, Jy J. Je J. 
DP; 2 1), 7 6 5 5 
; 2 4 14 15 28 5 
C. 2 5. LO lo 24 


Theswtirse latesyjobeis J Go to Step Three. 


5° 
Step Three. The job with the greatest processing time 
Ja in subsequence (J15+++5d50) 1s Jy elicla Pyn/. Therefore, 


reject it and return to Step Two with new current sequence. 


10 








Step Two. Ihemsehedatemiceno : 


Current sequence Rejected Joos 
Jy J, J Je Jz Jy 
P; 2 i 6 3 5 7 
d; 2 AS 25 5 14 
C5 Z 3 9 12 iis 24 


The algorithm now terminates as there are no remaining 
mise JOOS in the current sequence. The above sehedumllc is now 
optimal with the current sequence followed by the rejected 


jobs in any order. The minimum number of late jobs is U*=2. 


ml 








fT ee OOK LAM 


A. DESCREPIEEON 


The problem can be restated as follows: Given™a@ set 
Srejobs numbered 1 towm findw@the sequencessS* = (J, 5+++5d,) 
to a 

min ‘'y Cy 
k=1 
SUPE e ie. UL = U* Where U* is the minimum 


MNOS Osim Ikerse jG yolosy. 
The algorithm employs a primal approach maintaining a feasi- 
mee solution and it successively decreases the sum of the 


eomeletion times C with successive sequences S_,v=1,...59), 


vy? 
DY application of one of the algorithm's rules and/or 
emrth's algorithm, terminating with the sequence Sy when no 
further improvement can be accomplished. Hodgson's algo- 
rithm is employed to determine U*, and to provide the ini- 
meal feasible sequence. Rules are employed to interchange 
mumimiserc jobs decreasing C at each step. "Whenever the se- 
a@m@ence S = (A,R) results, C is improved by sequencing A by 
earth's algorithm and R by the SPT rule. The algorithm 
mmriiates wien application of the rules yield no further 
meauetion in C. Possible optimality is checked at each 
eee tOr Carly algorithm termination. 

There exist at least three possible ways to decrease 
meeerom Hodgson's solution. The first. eallcda the inter- 
@aange Rule, exchanges a late job Joek with an early job 


JicA where os <2 aTidea en 1S NOW Carl) @nice cc COmae 


lage 





wcalled the Insertion Rule einserts sa) lave sop Joek into 
Ene Aesubscamences Seen remaining late and alipene we obs 
J.cA remaining Caply ~eror application vot this imscen cron 
Emere MUStwexist at wWleas tone JicA with Deane 2. eugydl 2) yee) als 
mavye reduction in € must result: The third, called the 
pul-interchange Rule] examines tie possibility ©feimpne ve. 
ment when there exists a deel whose Ps > p.W JicA. ihre 
Meeag fOr such a rule gus allustrated by example three, page 
22, age hictertbewecovers  ]0D Interchange se Motmc Mino ibile 
Pager the Interchamee Rule and necessitates some reorderiimg 
Melt any redueétion in © 1s possible, SubsequencesA 1s 
meordered in SPT creating subsequence A’ with one or more 
late jobs Ji tea’. JON; J.,'cA' is Ve Melee Cael ai) Oe Ga emer 
job Jeek sae 7) ele Joe LS °nNOW Carly. speci rue soomlncme une. 
Meeene rules are covered in paragraph B. 

iiie wri lesmare sapped iieene Onder so lvemraDOVen tommumi. 
lize the advantages of the partitioned sequence S = (A,R). 
Possible candidates for interchange are readily determined 
and Smith's algorithm and SPT can be applied to A and R 
fmeospectively to improve C. For further improvement a 
Peranching occurs, with either the Insertion or SPT-Inter- 
change the applicable rule. In the former, the partition- 
ing scheme is destroyed while the latter maintains S = (A,R) 
micgmecovers those interchanges not possible under the inter- 
Pimnigc rule. By yYeducine © at C€dch sucp. une mMumben OL pos 
sible sequences with C < C, is reduced, with each successive 
— approaching more closely to the optimalesolution, so*, and 
Coe O hae 


13 








B:, RULES 
The following rules are employed in the alivoiwrenm, 
PS interchances ute 
a. Find the smallest processing time Pj among jobs 
mae R. 
b. Find the first job in A such that its process- 


ing time P; satisfies P; Ses and c..4< 345 


Go interchange J; and ue 
eo iscihe ton nue 
Provided there exists at least one J,cA Jp, > p., 


J 


misett job i. from R, into A between Js. and J; ty itemtee wl 


1 


maximizes Wie OB) Wall): Dies GoGuetaoteeun. G.. 
SU Jee cee C4 PS wt Pe maGmic mlate 
J in A) 
C._4+P; <'s. (Al othe waees ae 
1 j - 
A remain early) 
poe Dea = Shed 
Micod 
ee 2 Pk > Sm 


wemeriue until no further insertions are possible. 
Se Oe Ile | injeeneeloieiniae™ ible . 
i etionere X15 sued J,eR SUcimEth a ¢ De > p; ome a lal 
jobs in A, then: 
aeeeereconder nin ofl.) Calllethe sresultinessuuse- 
amence A’. 


Dee USterninesmumber Of Naeem oo cemiee ees Uyr- 


14 








Co aa 


ae Uae elaine Sees and JicA' At: 
Cis < s. and C is decreased. 
Tiesal: “= eal 
Continue interchanges if possible until Uns = see 
c.. Silees 


Steps in the algorithm are as follows: 


Pcie pa Ome 
Order the 4eobs in accordance with, tie wr barter 
(Dy 5S---S.P,)- Perecmnimcsthe IM beii sor ld tem @bior UL» and 
uC. = C\- Peetienc aro NOstarcc PODS the scauiencee 
Sy = (J,,-+-5,J5,) 1S optimal and the algorithm terminates 
with C* = C, ,U* = 0. 
2. Step Two 


Reorder the jobs in accordance with Hodgson's 
mleeorithm. Call the resulting sequence S5 = (A,R) where 
Mee7oos ina arewearly and all jobs in R are late.  VDe- 


termine C, and U5 = Ce rea = UL, iveeec Ul ere eswiclowa eGieiil 


mates and the sequence Sy is optimal with C* = C, and 


ue = Ul. The Current sequence is then: 


mee J. eda = Jd 


eis ii Jy ld 


nto ae oun Re rete cee 


jv JpSgaqee eo IQ) 


S$. step Three 
Reorder A aWdak Dye olistiiens oa lagenet lM mancuol | Te - 


meoetively. Call the resulting sequence S (Az,R.). De - 


2a 


femmine C-. If C. = Cita, S, 1S optimal and the algorithm 


3 5 


terminates with C* 


S 


Cz. 


AR Step Four 


Interchange jobs in accordance with the interchange 


Htc weit igaple te do this oo to Step ™orx. Call the resubemye 


15 








sequence S4 = (A, ,R)- Determine C,- Uy = U*. If Cy = 


G.t+a, S, 1S optimal and thewalcorienm terminateswasen 


i! 4 


Se eee lire 
Re Omer A, and Ry by Smith's algorithm and SPT 
moopectively. = Calletne Tresultine sequcnec Sc = (Ac, Re). 
beLvermnine Cc. U. cd cs eed Bs Ce = Ci +a, Se 1s optimal and 
mac alporithm terminates with C* = Ce. 
OR Sis Sails 
iNsere Jeobse 1m Accordancer with Cie inse puhoumeareion 
meaminavle tO do this fo to Step Seven. Call the yeswicine 
sequence S6: Determine Ce. Ue = Ue. ck Ce = Cito, S¢ 
memoptimal and the algorithm terminates with C* = Cy. 
Gemte Step Nine. 
(oe Oke py oc Vel 
TOnduGE Interenanges im saGcOnadanee White ene wore 
mieorcnange rule. If unable to do this go to Step Nine. 
war the resulting sequence S4 = (A,,Ro). Determine C.. 
Un ue, Let Co 


terminates with C* = C 


= Cita, So lssoptimalnand thes aloorictiam 


i 
7° 
Sd Seejeleniedee 
Reorder Aw and Ra Dyer omer: Smoiwe ra Clmmcaimcrrai 
mempectively. “Call the resulting sequence Sg = (Ag, Rg). 
eetermine Cy. Us. =a 0 ee ba Cy = Cj ta, Sg is optimal and 


moe algorithm terminates with C* = Cy. 


16 








Je sieleje) alae 
The algorithm terminates with Sz, So» S6 or Sg» 


being Sp: Cy is an upper feasimile bound on C*- idetemniimed 


= m3 * 
by Cy min (C,,C Ce ,Co). Ce ae 


4 D 


sey 








Ds BLOCK DIAGRAM OF ALGORITHM 
@ 
spr SY 
Algorithm 5, = (A,R) 
Smit hi ‘Ss eeeeee tae C,,U* 
SO A, OF ieee a a (Az,R 


@ 
Co = ee 







LS 





Interchange 
Rule Possible? 


yes 








lOog tes sere le\ uate 
Rule = 
see ee ee ed fe a 
Smith's Algorithm 
CO oe teh, 
a ee Te “| 
nd 









Insertion 
Rule Possible? 


Interchange 
Rule 


i el 


ee ee ee ee 
Smith's Algorithm © 
tO fpemeoPl to RF 
7 7 
Teymanaece C, ,U* 
Algorithm c 


b 
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Ee EXAMPLES 
1 An Intenrenance a oo mut ion (GC, = Ce = G) 
Step One. Order the sequence in SPT. 


i ey ag 


4 > 6 i 8 9 O10 SeeO lez 


j 55°50. 45 SOOSS 5° Oy ees o, 50 U,=30J 9 Sg Jy) 
C5 4 Om 157522 30 oo 6 OG C,=373 
Step Two. Reorder jobs in accordance with Hodgson's 
aecorithm. 
A 2 
210 “6 83 <2 Jog 
P; 17 9 6 5 10 S5=(A,R) 





0 eyo 45S S455 ese 7 ulmoOo” U*=2@) a iinp 


c, 12 21 27 32 42 46 54 63 ' 70 80 C5=447 


Step anree.) Reorder “and Rk by Smith’ s alco 


and SPT respectively. 


10 S,=(A,,R) 
67 U*=2(J,,Jg) 


on 4 SPA) SOm C= ils 


5 


co ol 646 18 Sui 





Step fotr,  Imterchamge jobs in accordance with tne 


mimeneianpve rule. “Ihewfirste candidate tor anterchange as Jy 
with Dees 7. The first J,eA satisfying Dai P; Se 


is Jj, with P5 7 <p, = 12 and c._, < — Ji with 


and ee eS j 


19 








p. = 7 < ps» = 12 ange = 9 <‘see= 53. Ue resumeewot 
j i gt = 
pte Geman vam Jy and Ji are: 





di 55/50 60 999.4 Scie See 7 20) lou Greer 
c. 4 9 16 25 31 41 49 58 | 70 #80 C'=383 


See ol 45 S53559550 5550 44 “S055 18 a7 


Wieere remains no Jats with a Ps < p,v J.cA, and the inter- 


changes end with Cy = GS = T5o5" Sy = (A, ,Ry)- 
Step Five. Reorder A, and Ry by Smith's algorithm 
and SPT respectively. The result is: 


er. 
a 
a) J 0) A) J. 


Vi ee, 9 Yi 


Ps 4 5 6 | ii 8 SN, S ILO) pila So= (Az, Re) 
55 50 45 60 58 39 S54 67 | 67. 30 U*=2 (Jane a9) 
Cs 4 OS 22 eo 5S 498s 68 80 C.=374=C,+a=C* 
Since C. eee ea oot etn CorMimavese ws ol Sc the Ope tna ise 
Mlence . 
yoeeAn insertion Solution (C, = Ce Sti) 


See Ole. Chaakeie whs sequénce Iie aceerdance Waitin 


SPT rule. 


So 1G FAO aaa dS 


ae 1 3 Gu 15 C.=355 
a il 
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Step Two. Reorder the jobs amp accordancemasen 


Hodgson's algorithm. 





Step Three. Reorder A and R by Smith's algorithm 


amd SPT respectively. The result 1s identical with S, = 


p 
Sz = (Az,R2). 
Step Four. Interchange jobs in accordance with the 
mecerchanse rule. Since S5 1s negative and all c._,°0, J, 
@ees NOt qualify for interchange. Go to Step Six. 
See Sc Wesereg Wels ol se@oreclenes Waly Wsese- 
meomenuile. Ihe insértion location is determined in part 
by finding the i which maximizes [ pei (Py-P5) 10, thicuskes 
@eecion in €. These quantities are: 
Insert between Jl -p.) 
k2#74 PK Pj 
0, Jy (Ce on see 
Jy» J) (Z+1+3) = 6 (max)=s> insert J, between 
God it lates 
néss cénditions 
are met 
Jy> J. (ise — 4 
Jz, J. (3) = 3 


Tag 








Check 2: a 


the only member of R>, will vsti) bemieatesi st 


is 5 

inserted and if all jobs Jiseeegd, will remain early. 

Job Condite nome Ono cies iy, Result 
J. = J, Sie 28 lea => J, late 
J, = Jy sie <8, Pe2 S05 i J, early 
Je ae Se 5 eS Ba Ie eA dl I> J, early 
Jin = J. Pee ee ieee a 1 2 CS) lS 32> J, Canly 
Since J, inserted between Jy and J, MaxtinzeS tive Gedic carom 


in C by 


need to 


ot 21s: 


Since Ce 


6 and also satisfies the constraints, there is no 


Sheckheany Ob CHeMOene Gaiise GeLOne Oil =o. uml iomaces 


Semuence . 


Se 


Jy J, Jy Js J. 
1 Z 4 5 S S6= Ag Re) 
6 1 7 14 20 U*=1(J,) 
il 5 ahve 15 Ce=36=C, +a=C* 
Be wenc aloo mmenn ace nina cc s a wikeu S¢ the optimal 
op Ulich ean woO ur ron (C, = Co = ce) 
Sec PeOnC EE Otde Tat ll ens Col Metecmeinil >. lie 
Jy J, J. Jy Je Je Jo 
i i 1 5 S é 4 
i 5 6 4 10° 14 9 U,=2(J, 554) 
1 2 5 6 9 12 16 C,=49 
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Step Two. Reorder jobs in accordance with 
Hodgson's algorithm. 
———————————A—_—_———+| R 


Jy Ji J. Jz J. Je Ja 


i 3 ik 1 S 3 4 


1 
d. 1 4 5 op 10 ae 9 U*=1(J,) 
ce. i 4 5 6 Cis 12 16 =53 

1 2 


Step Three. Reorder A and skby somith ' sealecorrenm 


ama OPT respectively. The result is identical with S5 = 


3 = C. wae) 2) 


step four. ~Interehance jobs im accordance. wien 


Sz = (Az,R) ani ac 
ieeerchiange rule. Since P; = 4 > PW J.ceA No. Mee tema. 
pmeeecrmitted. Go fo Stép Six. 

SSO icy Seite eles. al) elereoncalenie Waltele. sls i = 
Mom rule. Since there is not a Pa Ds HS) TSS wees eee 
Memmitted. Go to Step Se Ven 

Sec paoc ve) = eCOnalel Iie T Chant: Susinn 2c cormcainec 
fame oPl-interchange rule. Since there exists 2 Jee such 


iene t P; > p.VJ.¢A, procecdaas romans = 


as eReorder Aan SET. = A". 
, eS R 
oy a J 
4 


9 Us=1(J,) ,U=2(J,,J5) 





a 








be Determine Mumber of late jobs ania ou 
1(J,). 
¢. Since U, = 1 < Us = 2e-attempt Women 


= t = j t 
change J. Ju and J: Jy At ci.4s Bs and Co < C.. 


c..4s 2: isesatisfied@as 3 < S.@e@inecking the resultsgor 


interchanging Jy and Jz to determine if Co < Cz yields se- 


quence: 
Ro 
Jy 
S7=(A7,Ra) 
*k*= 
4 U*1(J,) 


i 7 





No further interchanges under this rule are required as 


U, = 0. 


Step Eight. Reorder Ay and Ro by Smith's alco raenn 


3 


and SPT respectively. The result is identical with S. = 


7 


(Ag,R,) and C, = Cy = 52. 


Seep Nine ine alpOnmenn. co mmiamatcon wl Cl Cy = 


S 


LO = Ce=52, Ce -C3 55 


8 


min(C.,CQ) = min(53,52). Therefore Sg = (Ag ,Rg) is the se- 


quence with the smallest C = 52. In this particular case 


Cy wc = 52, Which may be proved by evaluating all the 


possible sequences. 


Ey. THEORETICAL DEVELOPMENT 


Beginning at Step Two, a primal approach is utilized in 
which successively better solutions are obtained while main- 


taining feasibility. It will be shown below how this is ac- 


eonp lashed, 
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1. Consider a sequence Sy p (J,5-+--+,5,) ordered by 
increasing processing times, Coy Sac sryee sc BY oleate ale 
the SPT sequence 1s optimal with respect to minimmezeme 


iC. = C,- C, is the lower bound on C*, the sum of the com- 


mplbction times fom the epeimaly sequences If the numbea vot 


late jobs, U equattszc roe ben Sy is optimal with C, = se 


lee 
Zaeeeonsider a siequemec , So, ordered in accordance 


meen Hodgson's algorithm: 


ee es 

Ao Ro 

BN hee I ig d eri gy strat | Ine) steeedj God, eee 
= (A, ,Ry) 


where all jobs eA, are early (c,<d. ) and all jobs eR, are late 


Si a ao) eee 
Grd.) Let Cyy = 52, €i,Cpy = ee: and C, = Cy5t+Cy,. 
By Hodgson [6], S5 PSPOpPtiIMNaWwathne Trespech | £0 Mi namiun smumme re 
@eeelate jobs, U* = U,. ine cmeaiae S5 1S a eeasibliess cluerom 


Pomen may be used as a Starting sequence in the algorithm. 


fe U* = U Ehen the mrevious Seditence Sy iSmOpEMalieas tie re 


sls 


fomno other sequence with C < Cy ersiee 
Weeovice the Maximum jOb tardiness of A, = 0, Smith's 


m. 
meeorithm [7] can be used to minimize Kz] Cy in A, Maint i= 


Fa 


ioeethe number of late jobs in subsequence A, ates: Cadlgleecive 


fmeculting subsequence Az with min Nn Cc. = Caz: Ro PSaeenen 


reordered in SPT. Call the resulting subsequence Rz and 
jp fa = Cpz- Now C,, < C,, and Cp, < Cpa Cys + Caz < Cap 


+Cp 7 C. < C,. 
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4. Step Four is the application of thewimeenen aac 
rule. It will be shown that resulting sequence S4 improves 
S3 With Cy 3? 


moe CIC tibte ren ailcice sot Jaek and JieA are P; SPE; and 


< C., Maintaining U =)U* constant.) Gcuameions 


C..4§ By: Consider the comerar,..) oumpese 7cD J, with 
De > p; was interchanged with Ji cA. This would increase 


C. by amount (P = pP;)(j-1). ig Bs = P3> C. TLS (DUCES ASL. 


Therefore, C 


3 1s decreased only Dy sncereaanoin J. and J. 
with Ds “ae SDUpDOSse —alneinteneciangecume sulle casa tm eer: =e = 
a - Dat But, then Joe ne levee Sones J; now €R is late 


Bee [6) this implies both oF and J. are late. Therefore, the 
me@uence Can only be improved in C, with U constant, if 
Ds <p, andc. , 


@enardates will decrease C by amount (p; = p.)(j-4) on each 


< 25° Concinuimesinterenanoins ¢ liteaieke 


micerchange until no more interchanges are possible. There- 
mmoe, the resultant sequence S4 = (Ay Ry) Wi resale an 


ee Cc 


4 oo 
ee FrOOr Of step Five 1S similar te the areumen&. given 
fiMemorep three above. The resultant sequence Se = (Ac Ry) 


wom yield C. < C 


5 4° 
Pee Othe TE pOSSTOMI ty ero Ilpr,oOVCmemta inte C som myn clIi. 
serting a job JieR into A between 5.4 and J., job oF remain- 


Mm@eelate while jobs J.,:-.... remain early. Ihe insertion 
1 m 


mere requirements are: existence of at least one Jica with 


Pp: 


len j-l1 
ie Pj: UTM rts) al Suyelecakyp al races oe Ses) (amount of reduc- 


mien in €), and the following lateness conditions must be 


me C : 
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Ce 4 > S fees remains late) 
Seg Is SS; (J. remains early) 

C ee < $344 %544 remains early) 
c a) Oa. se < Ss (J_ remains early) 
4-1 Pj” k#i Pk > Pm m 


Now suppose the insertion of some job ees into A was 
euecm that 1t did not satisfy one of the above conditions. 


If there were no job J.eA 3 oa Des this would imply 
jel 7 ; ie 
i245 (Py eye since (Dp; Balok results in an in 
@ecasc in C. Suppose some other insertion location is 


Merlized, i.e., 11s such that ie (ie Pe? is not a maxi- 


mum and/or is negative in value. If the reduction is neg- 
ative then there 1s no improvement in C. If the reduction 


is not a maximum, either it is not the best reduction pos- 
Sible, or the lateness conditions were not satisfied pre- 
meously at other positions in A which had a higher value 
OL UE; (P,-P 5) Ehanepesition ioe Ihererore nus = amaxaineeZe 
meeereduction in C Subject to the lateness constraints. 
If C;.4< Bae then Jee would have been early and 
aealitied for interchange with J. Mimo te De roOuUr.) peti. ase 
such interchanges have taken place. Therefore, ee must 
meelate. if some arbitrary job JE CI3 +++ 5d) 1S Suen 
ia t Sie 4Y a Die sped, is late, increasing U by 
onue. iherefore, no job JaEK OX1 Ss eS oreiise hilo exec pie 


itiesatisties all of the above conditions. hese mserticns 


Continue until no further candidates remain. 


Fg) 








Step Sax was reached trom Step Five omemiirees (cen. 
mterchanges wene possible) Mee ormce (Cacha mice m miomeeilals 
reduced C by di OR de kee < Ce or Ce < C.. At this 
Sease Of the Solution the pamereiened Sequence > = mile) 
no longer exists and possible further improvement by in- 
terchanges between A and R are not meaningful. Therefore, 
mpon completion of the sequence S6 no fUnther lmprowememre 
Mmoeattempted and the algorithm goes to Step Nine. 

(2) AS was explained on page May a thabed pos simi ty 
Hog improvement in C 1s required beyond that of singular 
meeerchanges. One such method is called the SPT-Inter- 
@aange rule. This rule reorders A in SPT to reduce C 
while creating additional late jobs in A which become 
mamoeraates £Or Singular interchanges with jobs Joke ie 
reordered A subsequence is called A' = (J 
Jurcerod ), where Ji 1S a acer jou. 

ice rStareqtired COM@ditlOn 1S @ex1stence of 7a 


weeR mao. Wwe eh SUppOSse. tiere 1S soe en ene 
fe IP. > Py 4 PP pek 2 Bs 8 Py 


Vv Jie. If JieR 3 P; <p, then J. Wasa Candidate fe x. 
measerchance under the interchange rule of Step Four.) But, 
all Jes have already been interchanged unless they would 
Mawes been late in A. Therefore, any remaining ei which 
could be considered for improvement must have P. > p;VJ.cA. 
mt 2. = p; there is no reduction in C by Ipuices eeliehaeses WiierSs 
Ore , oe 1s such that 2; an vV J.eA. 


The SPT-Interchange rule then requires U; < or a Selo) 


pose U, > Ue ihis implies there areuincuratetent joucean 


The 








to interchange with JieA! as U womld be inereasedeby 
amount U,=U*, destroying feasibility. Interchanges are 


e ’ » 
then conducted only if ci4s ae and Co < Co (oz, C.. aisle 


muepS FOUL and tea Vewwe re soln lic .c immer edt Ci 4 > ee Pienm 


both J and Ji would be late. Finally, if Co > Co (fom 


Cz) mo improvementein ® has taken pllacesby thls sprecedune. 
Pentinue interchanges until Uy = 0 lt wumable =toace thats. 
Mmreerchange under this rule it 1S not permitted. If a 
Mesitive reduction in Ce (ome C.) results from this pro- 
cedure the Pitehelancer lS lace-. NINCeresulEaneusecuciec 
is called Sa with Co 3)- 

See GOOnmon otChpe Enters eStats tothe: aiccumicmm 


< Cy fone 


meemein otep three above. The resultant sequence Sg = 
(Ag Rg) Vee seaite: Hye! C9 < Co. 

Tee SC pene ese Gece FO Le Tilmmatemstie iale0O Tall enimmieu 
Meenas not terminated earlier due to C* being obtained. 
Any sequence with U* late jobs yielding a C = Cita 1s 
@eeimal aS a@ is the smallest increment whereby Cy Ganebe 
increased. The solution sequence Sy WithiPapreasi) Me wumpes 
mound on C* is Cy = min (Cz,C.,C, ,Co), where the applicable 
C. mec tne result of the Sy Sonpucedsimeene par lledi an 


mueblem. Only two C. Will be compared Piveany os lo le spon 


lem. 


zg 








IV. APPLICATIONS 


Ap GENERAL 

The algorithm devellopea herein ws applicaple ine 
emop scheduling to reduce the average job completion times. 
This will reduce the average waiting time a customer waits 
Eeeehis product or if the job shop processes jobs tor a 
Single customer (perhaps its own organization) then such 
Genmeduling provides for an efficient use of resources. 
Firms providing a repair or maintenance service for cus- 
tomers external to the firm can utilize the algorithm to 
schedule a batch of jobs with known processing times so as 
to reduce the average unit repair time with only a minimum 
number of late jobs. For organizations who own their 
fmeicenance Or service facilities the utilization of the 
algorithm will reduce the average unit down time or aver- 
age unit processing time with only a minimum number of 
tomes returned or processed beyond their desired dead- 
imimes ({due-dates). The costs savings resulting from the 
ies eCtticieént operations should be seen in the increased 


Production of the firms other departments. 


B. COMMUNICATIONS MESSAGE HANDLING 

OucaniZaelons  —Suciivas tice mreLitany Services . whe shane 
Wier OWn COMmMUNICcations facilities can Baily the Saleen enn 
jem reduce the average delivery time of a message to ad- 
feesSCeSs es ais Teduicttonm which tends rose xpedilucssmonecs 
Wem oaeesoeis CONSIStemr WIth the frequently sonsemn ca score — 


lation between a message's length end its degree of urgency. 


0) 








At the same time the number of Slate messages 9 witiercopcee 
to desired delivery times) is kept to a minimum. Pro- 

cessing times are usually known in advance, especially for 
HOO word per minute Circuits waren use Landimnewioerriines 


mecrating at near 10073 cificienc, . 


oul 








BIBLIOGRAPHY 


Conway, R. W., Maxwell) We L.< and Miller 2a 
Theory of Sehedulling Wi sediseneWwesilcy Re adamic 
Mass., 1967 


Crabill. 1. Baeeand Maxwell, W. L., “Single Naeienne 
Sequencing with Random Processing Times and Random 
Due-Dates,'' Naval Research Logistics Quarterly 16, 
Gitoo 


JaeKson. Jk.  womcaulime a Production. lane to. mai 


mize Maximum Tardiness, Management Science Research 
Project, WGLA (Jam. 0h955). 


mawlkes. E. L.s and@Wieore, J. *%, “A Functional Eaua- 
tion and its Application to Resource Allocation and 
Sequenemy —roplems. sManagement. selence 80 lmmEor 
Nee 1 (Sept... 1969). 


Maxwell V0 Dees Onescaquencine n Jobs -om One Machine 
towManimize the Number of Late Jobs,'' Management 
Siemence +s Olen lon NO. sour ioanne LO7 0). 


eowe wa Me. ie micdie>Ds One Miachine Sechencineg 
AiEgorithm £or Manimizing the Number of Late Jobs, 


beomacementescuence, vol. 14, No. 1 €sept. 1908). 


Siuinoow. &., Various Optamizers on Single Stage 


Production, '" Naval Research Logistics Oude ber aese 
COUSE Ste) 


SEEM ln bala Mes DIMDbe. Ope liala ty I 100 £ 70. 


NMOOre Sescqucnei ngs. lIORTEnn,. Moma Selec itm 1eerolecr 
WEG) IS, dhs ING IR AC SySioie | IES) 7 0 ye 


by 








[NIT TARE OLS TRIBUTION S ss 
NO@eCe pecs 


Defense Documentation Center Z 
Cameron Station 
Rie Xxaridasieceesy eiccamet a= 22.514 


Library, Code 0212 2 
Naval Postgraduate School 
Monterey, California 93940 


Sire tome Nava le Personne ll 1 
ees = tll 

Department of the Navy 

Wasim OPO are. MoU 570) 


Naval Postgraduate School — IL 
Dept ENent Of OpeCrat tons skhesea rem 

G Administrative Sciences 
Monterey, California 95940 


MNSSOGCelTOressOr) Gent. Howard. Code ws sank 1 
Pepartmenc Gt Operations. Kesearxe: 
G naministrative ScLences 
Naval Postgraduate School 
Monterey, California 93940 


CDR Richard. L. Gates, USN i 


2924 Congress Road 
Pebble Beach, California 93953 


OS 








UNCLE ASo Ete) 


Security Classification 


DOCUMENT CONTROL DATA-R&D 


‘Securtty classification of title, body of abstract and indexing annotation must be entered when the overal! report is classified) 
MT ea A ele ct shes aio 2a. REPORT SECURITY CLASSIFICATION 
Naval Postgraduate School UNCLASS DEED 
Monterey, California 93940 2b. GROUP 


3 REPORT TITLE 


An n JOb, Single Machine Sequencing Alvori thin on peededsnane 
the Sum of the Completion Times Subject to a Minimum Number 
of Late Jobs 


4 OESCRIPTIVE NOTES (Type of report and,inclusive dates) 


Master's Thesis; September 1971 


S. AUTHORIS! (First name, middie initial, last name) 


Richard Lee Gates 


6. REPORT DOATE Ja. TOTAL NO. OF PAGES 76. NO. OF REFS 
september 1971 8 8 


6a. CONTRACT OR GRANT NO. 98. ORIGINATOR'S REPORT NUMBER(S) 





6b PROJECT NO. 


c. 9b. OTHER REPORT NO(S) (Any other numbera that may be assigned 
this report) 


10. DISTRIBUTION STATEMENT 


Approved for public release; distribution unlimited. 


11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY 


Naval Postgraduate School 
Monterey, California 95940 


13. ABSTRACT 


an a JOD, Sinelle machine sequencing alcorithm vsece- 
veloped which decreases the sum of the completion times 
subject to a minimum number of late jobs. A primal ap- 
proach is employed in which successively better solutions 
are obtained while maintaining feasibility. Optimality, 
mioke not claimed, may be achieved in some problems. 
Pessible industrial and military applications are dis- 
eussed. 


my oO" 1473. «(PAGE 1) 


S/N O101-807-6811 34 


Meee OCW Se ey ae 


Security Classification A-31408 








UNC AS Sab we) 
Security Classification | , 
LInK A LINK B LINK ¢ 


KEY WORDS 


Scheduling 
Sequencing 
Algorithm 


Optimum Job Schedules 


> FOR 1473 (Back) UNCLASSIFIED 


0101-807-6821 35 Security Classification A-31404 

















| RO EPTS 22382 





Thesis 130822 
G2533 Gates 
omg An n job, single ma-~ 


chine sequencing algo- 
rithm for decreasing 
the sum of the comple- 
tion times subject to a 
minimum number of late 
jobs. 





thesG2533 
Nn job single machine sequencing algor 


1 
DUDLEY KNOX LIBRARY 





